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Recently the study of mechanisms of generat ion of hydrodynamic turbulence has been the subject of 
numerous investigations (see [1] and the reviews [2, 3]). Until now, however,  no answers  have been found to a 
number of questions involving p rocesses  of t ransi t ion f rom a laminar  to a turbulent state. It should be men- 
tioned that instability of laminar flow does not lead a t  once to turbulence:  O t h e r f o r m s  of equilibrium motion 
can develop consis t ing of a superposi t ion of the initial flow and perturbations of finite amplitude. The flow 
between coaxial cyl inders ,  Couette flow, which has been studied for many years ,  both theoret ical ly and experi-  
mentally [4-6], can se rve  as such an example. It is known that upon an increase  in the rota t ion ra te  of the 
inner cylinder Couette flow loses stability, which leads to the appearance  of Taylor vor t ices .  The p resen t  
r e p o r t  is devoted to a detailed investigation of this transit ion.  It includes both theoret ical  and experimental  
r esu l t s .  

In the course  of the experiments  it was established that the t ransi t ion to Taylor vor t ices  takes place in a 
mild way: With an increase  in supercr i t ica l i ty  the amplitude of the vor t ices  var ies  by the Landau law [1]. The 
transi t ions between states with different numbers of vor t ices  at  a low supercr i t ica l i ty  were  also investigated 
and their stabili ty limits were  determined.  In the theoret ical  pa r t  of the r e p o r t  the stabil i ty of s teady-s ta te  
solutions is investigated within the f ramework  of the envelope equation descr ibing weak spatial modulation of 
Taylor vor t ices .  

1. As is known [61, stabil i ty loss of laminar  Couette flow, t heve loc i t y  of which is V~ 2 2 -7---  
B~ -- R:t 

for  rotat ion of the inner cylinder (~ is the rotat ion frequency and R 1 and R 2 a re  the radi i  of the inner and outer 
cyl inders) ,  sets in at  some Reynolds number Re .  (Re = ~2R2/y). This instabili ty is aperiodic,  and for pe r tu r -  
bations which are  periodic along the cylinder axis it is charac te r i zed  by an increment  Yk having a maximum at 
some value of the wave number k = k 0. For  low supercr i t ica l i t ies  s = ( R e - R e , ) / R e ,  the perturbations a re  un- 
stable in a nar row interval  near k0. Their increment  can be represented  in the fo rm 

7k = ~'o --  ~(k -- ko) 2, (I .I)  

where 70 N e; cc ~ 0, and the interval  Ak of unstable wave numbers ,  as follows f rom this, is proport ional  to 
s  Therefore ,  a nar row wave packet is excited at  smal l  excesses  above the instability threshold. Thus, in 
the linear s tage of instabili ty a per turbat ion of the veloci ty  v can be represented  in the fo rm 

v -- ~ (r) A (z, t) e~0 z + c.c.. 

where ~(r)eik0 z is the eigenfunction of the l inear problem with k = k0; A(z, t) is the amplitude of the pe r tu r -  
bations, which var ies  slowly along z. As follows f rom the form of the increment  (1.1), in the l inear stage the 
amplitude A obeys the equation 

OA/Ot ----- 70 A + r ~. 

Stabilization of the instability is provided for by the nonlinear t e rms .  Their s t ruc ture  is determined f rom 
averaging over nfast" spatial  oscil lations.  The f i r s t  t e r m  of the expansion with r e spec t  to the nonlinearity is 
--TIAI2A. Therefore ,  in this approximation the equation 

8A/Ot = ?0A + ~zO~A/Sz i -  T[A] 2 A (1.2) 

for the amplitudes has a lmos t  the same s t ruc ture  as the analogous equation of [1], differing f rom it only by the 
diffusion t e rms .  It should be noted that this equation is encountered in the descr ipt ion of one-dimensional,  

weakly superc r i t i ca l  convection [7]. 
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The expans ion  t e r m s  not  al lowed for  in (1.2) will  be s m a l l  only with the condi t ion  of pos i t iv i ty  of the 
m a t r i x  e l e m e n t  T. The m a t r i x  e l e m e n t  T can  be obtained f r o m  the N a v i e r - S t o k e s  equat ion  by the s t anda rd  
s c h e m e :  It  a r i s e s  f r o m  p e r t u r b a t i o n  t h e o r y  in the third  o r d e r  with r e s p e c t  to y ~ .  We do not need the expl ic i t  
f o r m  of T, h o w e v e r ,  Only i n fo rm a t i on  about  the s ign  of T is r e q u i r e d .  

Le t  us c o n s i d e r  the s i m p l e s t  so lu t ion  of Eq. (1.2), 

Ao = (7o/T) t/2, 

d e s c r i b i n g  a mi ld  mode  of exc i t a t ion  a t  T>  0. The ex i s t ence  of a solut ion of this type was p roven  in [8]. Fo r  
j u s t  this r e a s o n  T> 0. 

2. Equa t ion  (1.2) a l so  has other  s t e a d y - s t a t e  so lu t ions ,  

A = const o iqz, [ A I s - -  70 - ccq 2 __ Vko+q (2.1) 
T - -  T ' 

which d e s c r i b e  T a y l o r  v o r t i c e s  with a pe r iod  27r/(k0+q) d i f fe r ing  f r o m  the op t imum per iod  2n/k0. it is s e e n  
tha t  such  solut ions  ex i s t  only in tha t  i n t e rva l  of wave n u m b e r s  w h e r e  the o r ig ina l  flow is uns table  (Tk> 0). 

Within the f r a m e w o r k  of the equat ion for  the envelopes  we can  ana lyze  the s tab i l i ty  of Tay lo r  v o r t i c e s  
with a g iven  k. By l i n e a r i z i n g  Eq. (1.2) a ga i n s t  the background  of the s t e a d y - s t a t e  equat ion (2.1), for  p e r t u r -  
ba t ions  of the f o r m  6A = Ae~ we can  obtain the equat ion 

0 2 u  c)u 

~u  = a ~ + 2 iaq-~z  - -  7t~o+q (u + u*). 

Its so lu t ion  
~ Ltl eizz  ~-  U2~a--izz 

d e s c r i b e s  two b r a n c h e s  of osc i l l a t ions  with d e c r e m e n t s  

(~ = - -  •  - -  V~o+q- (7~0+~ + 4~'q'• '/~. 

F r o m  this i t  fol lows that  Tay lo r  v o r t i c e s  with a given q a r e  s tab le  [9] when 

q2 - t r o  i (hk)2. 

We note tha t  at  the s tab i l i ty  l imi t  the ampl i tude  of v o r t i c e s  with a given q r e m a i n s  finite and c o m p r i s e s  4~3 of 
the ampl i tude  A (at the s a m e  supe rc r i t i c a l i t y )  of v o r t i c e s  with the op t imum per iod  2v /k  0. T h e r e f o r e ,  with a 
d e c r e a s e  in the s u p e r c r i t i c a l i t y  e, a s y s t e m  of v o r t i c e s  m u s t  r e o r g a n i z e ,  f o r m i n g  v o r t i c e s  with a per iod  c lo se  
to the op t imum one. Also  the r e o r g a n i z a t i o n  m u s t  take p lace  s m o o t h l y  in an infinite s y s t e m  and with a jump in 
a f ini te  one owing to the d i s c r e t e n e s s  of k. 

Now le t  us c o n s i d e r  the gene ra l  s t e a d y - s t a t e  solut ion of Eq.  (1.2). F i r s t  we change to the d imens ion l e s s  
v a r i a b l e s  

= 7or, ~ = ~/V~, u = A V T  = z + ~V, 

in which the equa t ion  a c q u i r e s  the f o r m  

aulOT = 02ulO~ 2 + (f - -  l ul2)u. (2.2) 

Its s t e a d y - s t a t e  solut ions  a r e  d e t e r m i n e d  f r o m  the equat ion  

O~-r/d~ 2 = (r  ~ - -  l ) r ,  

which d e s c r i b e s  the " m o t i o n '  of a pa r t i c l e  in a c e n t r a l l y  s y m m e t r i c  field with a potent ia l  

V = - - ( t  - -  P ) V 4 .  

This equa t ion  c o n s e r v e s  the m o m e n t u m  M = r2OOfld~ and the e n e r g y  

E = L ( a r ~  z M2 t r2)2" 
2 \ a ~ ]  ~, 2 ~ 2  - ~ ( l - -  

F in i te  mot ion ,  which ex i s t s  only when M 2 <4~7 , has  p h y s i c a l  meaning .  In this r e g i o n  of the p a r a m e t e r s  the 

M ~ t (i - -  e) ~ a r e  pos i t ive  (e 3 > e 2 > e 1 > 0). r o o t s  el ,  e2~ and e3 of the cubic  equa t ion  E 2e 4 

Then the so lu t ion  of the equa t ion  is wr i t t en  in the f o r m  

r ~ = e l  + (e~ - -  e l )  s n 2 v ~ ,  ( 2 . 3 )  

w h e r e  v = ( (ea-el ) /2)g2;  sn  v~ is an  el l ipt ic s ine with a modulus  k = ( ( ez - e l ) / ( e3 -e l ) )  tf2. In this c a s e  the phase  
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Fig .  1 

0 is d e t e r m i n e d  by in tegra t ion  of the e x p r e s s i o n  M/r 2. Thus ,  the gene ra l  s t e a d y - s t a t e  so lu t ion  found desc r ibe s  
smoo th  modula t ions  in the v o r t e x  s y s t e m .  We note tha t  the T a y l o r  v o r t i c e s  p r o p e r  c o r r e s p o n d  to solut ions  
with r 2 = cons t ;  the va lue  of the cons tan t  is d e t e r m i n e d  f r o m  the e x t r e m a  of the ef fec t ive  potent ia l  e n e r g y  V+ 
M~a2r 2. H e r e  uns tab le  Taylor  v o r t i c e s  (2.1) (q2>Ak~3) c o r r e s p o n d  to a m i n i m u m  while s table  ones (q2<&k2/3) 
c o r r e s p o n d  to a m a x i m u m .  

To inves t iga te  the s tabi l i ty  of the gene ra l  so luUon (2.3) we m u s t  d e t e r m i n e  the s p e c t r u m  a of the l inea r i zed  
equat ion (2.2), 

era = OeplO~ ~ + f)(i - -  r ~) --' 2r(pr), 

whe re  p is the pe r tu rba t ion .  

We r e p r e s e n t  the vec to r  p in the f o r m  p ---- r + ~Or/0~. H e r e  the funct ions cp and r a r e  de t e rmined  f r o m  
the s y s t e m  

~e~ ---- 02ep/O~ ~ - -  2(i - -  r2)&plO~ - -  2(pr ~, (2.4) 

a r  = 0 ~ 1 0 ~  ~ + 20~I0~, 

the coef f ic ien ts  of which a r e  pe r iod ic  funct ions of ~ with pe r iods  2K/v (K(k) is a comple t e  el l ipt ic  in tegra l  of the 
f i r s t  k ind) .  T h e r e f o r e ,  the so lu t ion  (2.4) c a n  be r e p r e s e n t e d  in the f o r m  of a p roduc t  of eiP~ t imes  a per iod ic  
funct ion of ~, while  the s p e c t r u m  a h a s  a zonal  s t r u c t u r e  as a funct ion of the q u a s i m o m e n t u m  p. The boundar ies  
of the zone c o r r e s p o n d i n g  to p u r e l y  pe r iod ic  solut ions  can be found expl ic i t ly .  

( ) Thus,  two eigenfunct ions  Pl = 0r/0~ (r ---- t,  ~0 = 0) and P2 = (Y, --x) ~ = - -  r M, r = r S / M  having  a 

q u a s i m o m e n t u m  p = 0 c o r r e s p o n d  to the value o = 0. To find the other  bounda r i e s ,  we se t  ~ = 0 f / ~ ,  in which 
c a s e  the s y s t e m  (2.4) is r educed  to one f o u r t h - o r d e r  equat ion  

: /iv + 2]" ((~ - -  2 + 3r ~) + ](1 (~ + 2r ~) ---- 0. 

We p r e s e n t  the per iod ic  solut ions  of this equat ion  and the va lues  of (7 c o r r e s p o n d i n g  to them,  which r e p -  
r e s e n t  the boundar i e s  of the zones :  

/ = sn ~ ,  o = (V~){--(e~ + e3) + [(e~ + e,) ~ + 3(es - -  es)~lln}, 
] = cn ~ j ,  (~ = ( l / , ~ ) { - - ( e  1 -~ ca) -4- [(e  I -'{- ea) 2 .~  3(e a - -  e l ) s i f t 2 } ,  

] ---- dn "r (~ ---- (z/~){--(e I + e2) + [(ex + e~) ~ + 3(e~ - -  ez)2]i/~}. 

F o r  each  of the so lu t ions  the va lue  of the e igenvalue  a with the upper  s ign  is pos iUve ,  which c o r r e s p o n d s  to in-  
s tabi l i ty .  Thus,  in the weakly  s u p e r c r i t i c a l  r eg ion  the re  a r e  no other  s tab le  s t e a d y - s t a t e  solut ions but Tay lo r  
v o r t i c e s .  

3. The e x p e r i m e n t a l  ins ta l la t ion  (Fig.  1) o0ns is t s  of a h y d r o d y n a m i c  s tand with a p r e c i s i o n  d r ive ,  a l a s e r  
Doppler  ve loc i ty  m e t e r  (LDVM), c o m p u t e r  data input and output uni ts ,  and ex te rna l  data  output dev ices .  

The h y d r o d y n a m i c  p a r t  of the ins ta l la t ion  c o n s i s t s  of two coaxia l  me ta l  cy l inde r s  300 m m  high,  the gap 
between which is 10 m m  when the inner  cy l inde r  is 35 m m  in d i a m e t e r .  The  r a d i a l  wobble of  the inner  cy l inde r  
does not exceed  5 /zm.  A p las t ic  outer  cy l inder  of the s a m e  s i z e  was used in o rde r  to v i s u a l i z e  the flow. Water  
or  an aqueous so lu t ion  of g lyce r in  was used as the work ing  liquid. A given liquid t e m p e r a t u r e  was mainta ined 
with an a c c u r a c y  of 0.02~ A s y s t e m  of au toma t i c  con t ro l  14 of the speed of the m o t o r  13 turn ing  the inner  
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cylinder  provides  stabil i ty on the o rder  of 0.01% in a range f rom 100 msec to 10 sec.  The rotat ion period can 
be var ied with a minimum step of 10 -4. 

To measure  the liquid veloci ty we used a two-frequency,  two-component,  laser  Doppler velocity meter  
the optical pa r t  of which is cons t ruc ted  on the scheme of forward  scat ter ing with a re fe rence  beam. 
As the device for shifting the emiss ion  frequency of the laser  1 and a split ter we used a Bragg acoustoopticaI 
cell  2 based on a TeO 2 c rys ta l  with an excitation frequency ~1 = 24 MHz assigned by a frequency synthesizer  4. 
As shown m Fig. 1, the laser  beams enter through the upper optical window into the gap between the cyl inders .  
The geometry  of the sys tem allowed us to measu re  the veloci ty component V+p. The size of the measurement  
volume was 600 x 100 x 100 #m. 

The use of a Bragg acoustooptical  cell  permit ted a cardinal  solution of the problem of fi l tration of the 
"pedestal" of the Doppler signal. The z e r o - o r d e r  beam and the diffracted beams a re  focused in the test  region 
of the s t r eam,  forming two interference fields with mutually orthogonal bands. The output signal of the photo- 
r ece ive r  3 is sent  to the input of a select ive amplif ier  with a cent ra l  tuning frequency of 24 MHz. This ampl i -  
f ier f i l ters the noise and the constant  component  f rom the photoreceiver  signal. Then the signal is fed to a 
mixer  5, where its spec t rum is shifted to the region of Doppler frequencies ,  after  which it is fed to a tunable 
fi l ter  6, where the final f i l t rat ion of noise and paras i t ic  products  of the frequency convers ion f rom it occurs .  
The fi l ter  output is connected to a shaper 7 [10, 11], at  the output of which one obtains packets of pulses with a 
Doppler f requency wq~ which cor respond  to the passage of sca t te r ing  par t ic les  through the measurement  volume 
and gate pulses whose duration is equal to the duration of these packets.  The signals f rom the shaper output 
a re  sent  to a pulse counter and a t ime- in terva l  meter ,  respec t ive ly ,  in a CAMAC block 10 and then to the 
m e m o r y  of an M-400 computer  11, where a mass of values of the instantaneous velocity is s tored.  The infor- 
marion obtained is the initial information for the calculat ion of the required s tat is t ical  charac te r i s t i c s  of the 
velocity.  The resul t s  obtained are  printed out on a graph plot ter  12. Operational monitoring is per formed 
f r o m  an average-ve loc i ty  indicator 8 and the signal of a f requency d iscr iminator  9, the output voltage of which 
is propor t ional  to the "instantaneous" velocity. The electronic units of the LDVM, the input--output unit, and 
the mo to r -d r ive  control  unit a re  built on the CAMAC standard [12]. The measuremen t  complex also allows one 
to obtain information on the radia l  velocity component  V r ,  An auxil iary frequency shift ~o is used to determine 
the sign of this component.  The channel for amplification and t rea tment  of the Doppler frequency ~r  is analo-  
gous to that descr ibed above. 

4. The t ransi t ion f rom the laminar  state to Taylor  vor t ices  was studied in the experiments .  It was 
established visual ly that different  numbers N of pairs of vor t ices  (from 11 to 18) a re  formed in the sys tem 
beyond the stabil i ty threshold,  depending on the initial conditions. With a metal  outer cylinder in the installation 
the possibi l i ty of scanning along the z axis within the limits of two vor t ices  also permitted a determination of 
the number N. It was found that with a dec rease  in Re to the c r i t i ca l  Re ,  a sequence of transi t ions was observed 
f rom a state with an a r b i t r a r y  number N to a state with N O = 14. The dependence of the frequency F -- ~/2v of 
ro ta t ion of the inner cyl inder  at  which a loss of stabil i ty of a sys t em with a cer ta in  N occurs on the number N of 
vor tex  pairs  is shown in Fig. 2. It is  seen that the experimental  t ransi t ion points lie on a curve close to a p a r a b -  
ola, which is in accordance  with the theoret ical  concepts of Sec. 1. 

The Landau law was tested for a sys t em with the optimum N 0. For  this we determined the amplitude A of 
the f i r s t  spatial  harmonic  A along z in the interval of supercr i t ica l i t ies  0.01 < e<0.5;  the experimental  depend- 
ence A~ ~T, where 3] = 0.50 • 0.01, conf i rms the Landau law with good accuracy.  For compar i son  we point out 
that  in analogous experiments  [13] ~ = 0.50 • 0.03. 

It should be noted that at  a sl ight supercr i t i ca l i ty  the smal l  r e s e r v e  of stabili ty leads to the appearance  
of a high noise level. Therefore ,  only the data (Fig. 3) at  supercr i t iea l i t ies  em 1% a re  rel iable.  At the same 
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t ime,  data in the reg ion  of e ~  0.1% a re  contained in the expe r imen t s  of [13]. Moreover ,  with a dec r ea se  in the 
supe re r i t i ca l i t y  f r o m  s = 0.8 to s = 0o018 there  is a shif t  of the ex t r ema l  points 1-6 along z for  the Vr c o m -  
ponent, leading to d isrupt ion of the per iodic i ty  of the vor t ex  s t ruc tu re  (Fig. 4)~ It was shown exper imenta l ly  
that  this is connected with the influence of the ends,  near  which the hydrodynamic  noise level  is high. The p r o -  
cess  of fo rmat ion  of vor t i ces  along the ent i re  length was studied in one of the va r i an t s  of the hydrodynamic  
stand with cyl inders  of s m a l l e r  length (100 mm) and a 1 0 - m m  gap. Dependences of Vr on z for th ree  values of 
F a r e  presented  in Fig. 5, f r o m  which it is seen  that  vo r t i ces  a r e  c rea ted  near  the ends and gradual ly  fill the 
en t i r e  s y s t e m  uniformly.  With the s a m e  cyl inders  we obtained dis t r ibut ions of the components  V~o (curves 1 
and 2 in Fig. 6) and Vr (curves 3 and 4) as a function of r for Taylor  vor t i ces  a t  points cor responding  to the 
m a x i m u m  and min imum along z. It is seen that  Vr is g r e a t e s t  a t  the center  of the gap, while Vr va r i e s  m o r e  
complexly ,  fo rming  two max ima .  With an i nc r ea se  in supe rc r i t i c a l i t y  Taylor  vo r t i ces  become unstable r e l a t i ve  
to bending osci l la t ions ,  studied v isua l ly  in detai l  in [5]. A s ta t i s t i ca l  ana lys i s  c a r r i ed  out on a computer  shows 
that  in this case  the au tocor re l a t ion  function desc r ibes  weakly damped osci l lat ions with a f requency ~0 and a 
quali ty of ~ 102. With an i nc rea se  in the supe rc r i t i c a l i t y  the f o r m  of the au tocor re l a t ion  function becomes  m o r e  
compl ica ted ;  f requencies  not c o m m e n s u r a b l e  with o:0 appear .  
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STOKES FLOWS INSIDE A SPHERE 

V. M. Bykov UDC 532.516 

1 .  P a i r  o f  S t r e a m  F u n c t i o n s  o f  T h r e e - D i m e n s i o n a l  F l o w  

L e t  f2 be  a s p h e r e  of r a d i u s  R wi th  the  c e n t e r  a t  the  o r i g i n  of c o o r d i n a t e s ,  Or, e0,  and e~0 be uni t  v e c t o r s  
of the  s p h e r i c a l  c o o r d i n a t e  s y s t e m  ( r ,  0, ~0), and r = r e  r .  We d e s i g n a t e  the  s p a c e  of i n f in i t e ly  d i f f e r e n t i a b l e  
s o l e n o i d a l  v e c t o r  f i e l d s  in the c l o s e d  s p h e r e  ~ a s  V. In V we i s o l a t e  the s u b s p a c e s  

V- = {v ~ VIv'er = 0}, V+ = {v ~ V[rot v.e~ = 0}. 

With  any  func t ion  F ~ C=(~) one can  a s s o c i a t e  a f i e ld  v - (F)  ---- rot F r  ~ V-. C o n v e r s e l y ,  i f  a f i e ld  
v -  ~ V-  i s  g iven ,  then  f r o m  the c o n d i t i o n  div v -  = 0 we ge t  

o (v~- ~in 0)  • o ~  0, 
O0 ' Oq) ~- 

and t h e r e f o r e  t h e r e  e x i s t s  a func t ion  F -  ~ C-(~.) such  tha t  

OF- 
O F -  = U'O sin O, --gO- ~ - -  v~. a~ 

It is  v e r i f i e d  tha t  v -  = v - ( F - )  -- r o t  F-r. 

With any  func t ion  F ~ C~(~) one c a n  a l s o  a s s o c i a t e  a f i e ld  v+(F) = rot rot F r  ~ V+. 
g iven ,  then f r o m  the cond i t i on  r o t  v +" e r = 0 we ge t  

o (4 in O) a--f" aw O, 

If a f ie ld  v+ ~ V+ is 

and t h e r e f o r e  a func t ion  G ~ C~(~) e x i s t s  such  tha t  

aG +sinO, aG v+. o-+- = v~ ~ -  = 
r 

D e f i n i n g  F + (r, 0, q~) = V 0a (9, 0, q~) d9, we can  v e r i f y  tha t  the a n g u l a r  f ie ld  c o m p o n e n t s  r o t  r o t  F + r  c o i n c i d e  with 
0 

the  c o r r e s p o n d i n g  c o m p o n e n t s  v +, and s i n c e  the r a d i a l  c o m p o n e n t  of the f i e ld  v wi thout  a s i n g u l a r i t y  a t  the  o r i -  
gin of c o o r d i n a t e s  is  un ique ly  e x p r e s s e d  t h rough  the  a n g u l a r  c o m p o n e n t s  f r o m  the cond i t i on  div v = 0, we have  
v + = v+(F  +) = r o t  r o t  F + r .  

The c o r r e s p o n d e n c e s  F ~ v - ( F )  and F ~ v + ( F )  de f ined  above  a g r e e  wi th  the  t a k i n g  of the r o t  and l e a d  to 
a s c a l a r  L a p l a c e  o p e r a t o r  A = d iv  g r a d :  C ~ ( ~  ") - * C ~ ( ~  ") and a v e c t o r  o p e r a t o r  A = - - r o t  r o t :  V ~ V .  Tha t  i s ,  
the  fo l lowing  equa t ions  a r e  v a l i d :  r o t  v - ( F )  = v+(F) ,  r o t  v'+(F) = - v - ( A F ) ,  A v  ~ (F) = v ~ (AF) .  S ince  v" (F )  = 
r o t  F r  = g r a d  F •  r ,  the s t r e a m l i n e s  of the f i e ld  v - ( F )  a r e  i n t e r s e c t i o n s  of s u r f a c e s  F = c o n s t  wi th  s p h e r e s  r = 

a (rF) is  i t s  p o t e n t i a l .  If  c o n s t ;  F is  the s t r e a m  func.tion for  v - ( F ) .  If the  f i e ld  v+(F) is  i r r o t a t i o n a l ,  then  -~7 

v+(F)  has  a x i a l  s y m m e t r y ,  then i ts  s t r e a m  func t ion  has  the  f o r m  T = - -  r sin OaF~nO. Since  a l l  p o t e n t i a l  f i e l d s  
and a l l  a x i s y m m e t r i c  f i e lds  wi thou t  t w i s t  and with  the  cond i t i on  of s o l e n o i d a l i t y  be long  to V +, F g e n e r a l i z e s  the 
s t r e a m  func t ion  and the  p o t e n t i a l  of the  f i e ld  v+(F)  a t  the  s a m e  t i m e .  

We c a n  show tha t  any  f ie ld  v ~_ V is r ep~ :esen ted  un ique ly  in  the  f o r m  v = v - + v  +, w h e r e  v -  ~ V- and 
v+ ~ V+. We d e t e r m i n e  the func t ion  F + ( r ,  0, ~0) fo r  each  f ixed  r ,  0 < r < - R ,  a s  the  s o l u t i o n  of the  equa t ion  
A0~oF = - r v  r s a t i s f y i n g  the c o n d i t i o n  

~sS F+dS=O, 

w h e r e  S r is  a s p h e r e  of r a d i u s  r c o n c e n t r i c  wi th  ~2 and 

(1.1) 

C h e l y a b i n s k .  
M a r c h - A p r i l ,  1980. 
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